Partial differential equations

1. Determine Cauchy solution for partial differential equations:
V:p+yzg+zt =0

that satisfy conditions: x—y=0 and x-yz=1

Solution:
Y p+yzq+z° =0 First, we have z* to switch to the other side!
Y p+yzqg=-z° Now make the system differential equations in a symmetrical form
d—f = & = d22 Look at second and third member of this equality...
yoyz -z
Y _ dzz Multiply all with z
yz -z
@ = bz Now integral
y -z
Id—y =— @ from here is ln|y| = —ln|z| + 1n|c1| > y= 9 > ci=yz
y z

So, the first first integralis y, = yz

Find now the second first integral:

From c;=yz express z= S and from equality d—f = & = de

y y Yz -z

1S:

d—)zc = P here we first all multiply with y and then replace z with z = a9 ,
yooyz Y
ﬁ:@ —_— ﬂzﬂ—b c,dx =y*dy: integral
y oz y 4
Y
y3
x=-—+c, replace CI=yz

3 <



3 3
yzx = y? +c¢, express here the constant: C, = yIX ——

We have the second first integral: y, = yz _y?

Solutions are : y, = yz and W, = yIx —<—

Whether they are good solutions?

We need to examine their independence! And must be true:

oy, Oy,
D 0
Dy..y,) 20 —» a@x a@x #0 For our task is ¥ #0 is!

D(x,y) ¥ ) zZ ZIX—Yy

d 0y
Solutions are good!
Further we solve Cauchy task: x—-y=0 and x-yz=1
What to do here?

3

v, =yz and vy, =yzx ~ 2 and the conditions x — y=0 and x-yz=1, all these we use to eliminate

unknowns and find a connection between the solutions.

Howis x-yz=1 and y,=yz mustbe x-y,=1 so: x:;l+1

x-y=0 x=y=;l+1

3 . . 1 N3
v, =)z -2 —"//2:‘//1(1+‘//1)_(—|—TW1)

So we find a connection between the solutions and we eliminate unknowns x,y and z

— — — (+y)’ . . ¥’
In v, =y,(+y,) E— we will return the right values: y, = yz, v, = yzx—?
(L+y,)’

v, =y, (+y,)- e all multiply with 3

3

31//_2 = 31//_1(1 + 1//_1) -1+ ;1)3 here change v, =yz, v, = yzx _y? instead ;1 and 1//_2



3

3z —y?) =3yz(1+yz)—(1+yz)*  simplify little.......and

3xyz—y> +1+y°z> =0 is the final solutions

2. Determine Cauchy solution for partial differential equations:
yWp+xq=x>+y’

that satisfy conditions: : x=1 and z=1+2y+3 y2

Solution:
W+xg=x"+y’ go to the symmetrical system
LS = @ = dz From here, select the first two members of equality

y X x2+y

& = i —  » xdx=ydy Integral
y X
x2 2
I xdx = I ydy So: 5 = y? +c¢,* (here as a small “trick” take c¢;*)  All multiply with 2...
2_ 2 * * — . 2_ 2
X'=y +2c¢ and 2c1*=c¢c; thenis xX"=y"+¢ or
c,=x>-y° » y, =x" — )’ the first first integral

Find now the second first integral

& = 4 =— dz — Add to the first member of equality up and down y, add to second member of equality up
y X x4y

and down x

ydx = xdy _ dz - Gather first two members of equality

y X _)C2+y



ydx + xdy dz d(xy) dz
2 2 = 2 2 then 2 2 = 2 2
Y +x X" +y yo4+xT x4y

» d(xy)=dz Integral...

Xy=z+c so: w,=xy—z Iis thesecond first integral

w,=x>—y> and y, =xy—z are the first integrals, test their independence:

oy, Oy,
2
a@x a@x #0 ¥ #0 means that solutions are good!
¥ ) -2y x
o 0y

Cauchytask: x=1 and z=1+2y+3y’

First, in both solutions replace x = 1:

w,=1-y> and w,=y—z fromhereis 1-y, = > y=+l-y, and y-y, =z

Furthermore, this change in

z=1+2y+3y’
y-y,=1+2y+3(1-y,)
3y, —y,-4=y

3y, —y,-4=41—y, here now change solutions /, =x> —y> and y, =xy—z instead y, and y,

3(x2—y?) - (xy—z)-4=1-(x>—»*) simplify little...

final solution is: z=4-3x+ 3y2 +xy+ 1= (x* = %)




3. Find the general solution of partial differential equations:

Xp +yq=z-Xxy

Solution:
de _dy__d:
x y B zZ—Xy
@ _dy integral
X Yy
dy X
__J. —,1n|x|=ln|y|+ln|cl| —» X=YyC —_— 01:;’

W, = Y s the first first integral
y

From x=yc; is y=i and from ﬂ:_:
¢ Xy z-Xxp

dx dz X
—= replace that y =— and we have:
X z—Xxy ¢
dx dz dx dz TP
== , —=— simplify little...
X > x X
z—x— LT
G G
dz z «x .z X .z x .
Le_z2_2 y Z=——— » Zz——=—— lineard.e.
dx x ¢ X ¢ X ¢
z X
Z——=—-=
X ¢
—| p(x)dx p(X)dx
2= e 1" (e, + [q(el " av)

[ Py == [ kv = —Infx] = Inj”
X

jp(x)dxdx = —jieln{ldx = —J‘idx -_*
¢ ¢

¢

[a(x)e

) =x(c, — ) ¢ =

z
z=x(c, —y) and express here the constant ¢, =y +—
X

we'll take the first and third member.

SO:



v, =y+ z is the second first integral
X

Check independence of solutions:

oy, 0Oy, l —Z
ox  ox y X’ . .
=0 #0 Obviously is!
dy, Oy, __jc 1 y
o 0y y
So: v, = Y the first first integral
y

v, =y+ 2 the second first integral
X

Important: When you find firsts integrales general solution we can write in the form of F(y,,y,)=0

So, in our case would be : F(ﬁ , Y +£) =0
v X

More is that if z comes only in one of the first integrals, the general solution we can write in the form of:

v, =f(y,) ifzoccursinthe y, and

v, =f(y,) ifzoccursin the vy,

In our case, z occurs in 7, and the solution, we can write as:

z X .
y+— =f(—) and from here we can express z, if necessary...
X y

Z=fX)—y when all multiply with x...
x oy

Z=xf(£)—xy
y




4. Find the integrated curve of partial differential equations :

yz%+zx%+2xy =0
ox oy

which passes through circle X2+ y2= 16 for z=3

Solution:

yZ@Jrzx%Jrzxy:O we know that @=p/\%=q
ox oy Ox oy

yzp + zxq = =2xy

& _dy_ dz

vz zx  —2xy

B multiply with z

vz ozx

dx dy x>y

— =— from here is .[xdx = .[ydy then 7 :7+Cl * oy x2=y2 + ¢y whereis ¢;=2¢1*
y X

c,=x’—y> T w,=x"-y" is the first first integral

Let's go back now in the initial system:

& _dy_ i
vz zx  —2xy
xdx ydy  dz

expand the first member of equality with x, and second with y

gather now the first two members of equality
xyz yzx —2xy

dxtydy 4z tiply all with 2xy
2xyz —2xy
vt ydy _ 42 ltiply all with z and we have
- -
xdx +ydy =-z dz integral
x2 y2 2 N
Z 4L -2 4 multiply all with 2
2 2 2 Py

X2+ y2 =72 +2 c* wellmark 2c*¥=c;

X2+y2=-22+02 ¢x2+y2+ZZ=C2



v,= X2+ y2 +7* s the second first integral

w,=x>—y> is the first first integral

oy, 0y,
2x =2
Check independence: a@x a@x #0 ¥ = 8xy #0
¥, ) 2x 2y
d Oy

Now x*+y*=16 for z=3

Change these valuesin  y,= X +y*+2" So: w, =16+3% =16+9 =25, Conclude:

X2+ y2 +25=25 is requested integral curve, this is a sphere (central) with a radius of r=35

5. Find the general solution of partial differential equations:

(22_3y)8_u+ (3x_2)8_u+ (y- 2x)% =0
ox oy 0z
Solution:

dx  dy
2z-3y 3x-z y-2x

multiply with 2 second member of equality

dc  2dy  dz
2z-3y 6x-2z y-2x

gather now the first two members of equality

dx+2dy  dz

simplify little...
6x-3y y—-2x Py

dx+2dy  —dz
32x—-y) 2x-y

all multiply with 3(2x-y)

dx +2dy=-3dz integral

x+2y=-3z+¢ » ¢, =x+2y+3z

v, =x+2y+3z is the first first integral

Let's go back to the start system:



dx dy  dz
2z-3y 3x—-z y-2x

“expand” the first, second and third member of equality with x, y, z

xdx ydy zdz

= = gather the first two members of equality
2xz—=3xy 3xy—yz yz—2xz

xdx+ydy  zdz

2xz—yz  yz—2Xxz

xdx+ydy — —zdz

2xz—yz  2xz—-yz

xdx + ydy = - zdz integral

2 2 2
LI A _% +c,  multiply all with 2

2,.2, 2 ) .
Xx"+y +z"=c, whereis: c;=2c,

v,= X2+ y2 +7* is the second first integral

Finally solutionis: u=f(x+2y+3z,x>+y" +2°)

Where f is arbitrary integrable functions.



